Mot phuong phap chung dé tinh céc kiéu
hoi-quy thang giia hai bién-s6
76 Pong

Tém lugc

Khoang may thap nién gan day, viéc so sanh két qua cua mot chat sinh- hoc
do hai cach dinh-phan khac nhau hay do hai dang cia cung mot phuong
phap da trg thanh vo cung quan trong va khé khén. Su kién nay can thiét dé
lugng dinh va kiém chdng gid tri cia cac ky thudt thir nghiém hay trj liéu,
nhat la khi cac ky thuat ay xuat hién qua nhiéu trén thj truGng va can duyét
xét lai. NguGi ta phai so sanh két qua y cia mot phucng phap dang tim ki€ém
hay dang hoan chinh vé&i két qua x cia mot phucong phap hién dang dugc
ding va dd dudc cd quan y té€ ¢ thdm quyén chadp thuén. Thong thudng su’
lién-hé gilra y, bién-s6 phu-thudc, va x, bi€n-sd doc-1ap, la mét dudng thang.
Theo cach cd dién, dudng chuén dinh hay hdi-quy y = ax + b nay dugc tao
ra phai co khoang cach sai biét binh phuong nhd nhat. Khoang cach nay la
sai-sO gilra y do-dudc va y tinh-dudc. Diéu nay chi cé gia tri néu tri s6 cua x
that ding. Trén thuc t&, ca y va x déu co sai-s6, nén cach tinh cd dién nay
da dugc thay thé bdi cac ki€u hdi-quy chinh xac hon gilra hai bién-s8 y va x,
nay dudc coi nhu nhitng bién-s6 phu-thudc. Tuy nhién, cach tinh mdi phai
nhd vao su da-nang va ky-diéu cia may dién-toan. Bai nay tUr cach c6 dién
cdn ban trong thdng k&, nhu vé dd I&ch tiéu chuén, khoang tin cdy, tinh ra
nhitng ki€éu hdi-quy nhu hdi-quy Deming, hdi-quy thang gdc, bang hinh-hoc
gidi-tich hay lugng-giac-hoc. Trén thuc t€, cac cong thi'c Deming hay thang
goc dugc ap dung dé phéan-tich cac dir-kién 1d&m sang clia hang trdm hay
hang ngan cdp y, x. Nhitng trac-nghiém nay thudng dudc &n dinh theo dinh-
ludt lién-hé clia nganh thdng-ké hoc. D€ dé dang theo ddi cach tinh nay, mot
thi-du s6-hoc rat don gian véi tam cap y, x da dudc trinh bay trong phan
phu-luc, cung vdi nhithg thao chudng dién toan lién hé.
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Thuat Ngir:

Regression = Su hdi-quy, su’ chuan dinh
Regression linear = Su hdi-quy thang, su’ chudn dinh thang
Orthogonal regression = Su hdi-quy thdng goc

Deming regression = Su h6i-quy Deming

Error = Sai sO

Variable = Bi€n sO

Dependent variable = Bi€n s6 phu thudc
Independent variable = Bién s6 doc lap

Standard deviation = D0 |éch tiéu chuén

Confidence interval = Khoang tin cay

Variance = Phuong sai

Correlation coefficient = Hé s6 tuong quan

Slope a = D0 doc a

y-intercept b = Diém cat y tai b, tung dd cat b
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Unified Calculation Method for Linear Regressions
Dong To. D. Sc.

I. Introduction:

The classical ordinary least squares (OLS) method, for regression of dependent
variable y vs. independent variable x, can be applied for all linear regression models.
If both y and x are having constant gaussian error, the Deming regression of type
dependent/dependent variables should be considered. In that case, the rotation of axes
of an angle j determined by the ratio of standard deviations of x and y, tanj = sx /sy,
restores Deming regression to an OLS model. With Orthogonal regression
minimizing the sum of squares of the perpendicular distance from data point P(yi, xi)
to the regression line, tanj equals to the slope of the OLS model. The rotation angle j
described in the following figure, is used in the calculation of all error-in-variables
regression models by back conversion of established formulae of the OLS method.

y

SN

I1. Conversion between systems:

The equation of all linear regressions of y vs. x or y = a + bx, will become after the
rotation of axes as stated in the preceding paragraph, Y = A + BX. In that new
coordinates system of notation, uppercase alphabets are used to distinguish with the
corresponding lowercase alphabets of the original coordinates system. For simplicity
in the formula description, the subscripts i=1 to n determinations of all summation
operators are omitted.
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The Deming method minimizes the sum of squared distances from data points to the
regression line, in the direction defined by the angle j. Therefore, in the new system,
with the regression line Y = A + BX, the sum of the squares d2 of the deviations
parallel to Y-axis equals to:

>d* =3 (A+BX-Y)’

This sum is a function F of A and B, or F(A, B) = X (A+BX-Y)>. The conditions for
F being a minimum (or maximum) are 0F/0A = 0 and 0F/0B = 0.

Since OF/0A = 3 OF/0A(A+BX-Y)’ = £ 2(A+BX-Y)

and OF/dB = X 6F/0B(A+BX-Y)* = T 2X(A+BX-Y)

Then > (A+tBX-Y) =0

and > X(A+BX-Y)=0

ie. >Y =nA+BIX (1)
and > XY = AZX + BzX? (2)

By induction, the classical normal equations (1) and (2), and any other derived
computational formulae of the OLS can be applied to the new system. For example,
the standard errors of the estimate Sy yx , of the Y-intercept S, and of the slope Sg are
calculated by the usual formulae:

SXX_\/ZYZ-AE_I/Z-BZXY 3)
I X

SA - SYX ;+(n-])S§( (4)
_ 1 Sy.x

SB B n - ] SX (5)
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All preceding equations could be solved by converting the new coordinates X and Y
to the original coordinates x and y, using:

X =pcosH

Y = psin6

X =pcos(0 +o)

y = psin(0 +o)
or

X = pcosBcosp — psinBsing = Xcosp — Ysing

y = psinOcosp + pcosBsing = Xsing + Ycose

Therefore, it is sufficient to apply all OLS formulae for the new system of
coordinates by replacing X and Y with the following identities:

X =xcos@ + ysing

Y = —xsing + ycos@

1. Slope and y-intercept:

The first two equations (1) and (2) providing the y-intercept A and the slope B of the
desired regression line could be converted to:
Y (—xsin@ +ycos® ) =nA + BX(xcos@ + ysing)

or nA + B(cos@Xx + sinpXy) + sinpXx — coseXy = 0 (6)
and 2 (xcos@ + ysing)(—xsing + ycosp)

= AX(xcosq + ysing) + BX(xcos@ + ysing)’
or A(Zxcos@ +Zysing) +

B(cos’p Ix’+ 2sing cosp Ixy + sin’p Xy?)

+(sin’p — cos’@)Zxy + sing cose (Tx* — Zy*) = 0 (7)

Since the solution of equations (6) and (7) gives A, B, the values of a and b will be

derived by back conversion as follows, by matching the equation Y = A + BX:
—xsin@ +ycosp =A + B (xcosp + ysing)

or

A Bcosp+sing
+ X

T cos@-Bsing cos@ - Bsing
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with its equivalent y = a + bx,

a=—A4 (8)
cos@ - Bsing@
o
b:Bcosq) sin @ 9)
cos @ - Bsin ¢

2. Standard errors:

An element of (3) to calculate the standard error of the estimate Sy x is:
G=XY* - AZY - BIXY

or
G = X(—xsing + ycos@) * — AX(—xsing + ycose)
— BX(xcos@ + ysing) (-xsing + ycoso)
G =sin’p(Zx’ + BIxy) + cos’p(Zy’ — BExy) +
sinpcos@(BZx’— BZy’— 23xy) + sing AZxX — cosp Ay
Then
G
Srr = =5 (10)

To calculate the standard errors for A and B, the standard deviation of X or Sx must
be calculated first, using the classical definition:

5. - /E(X]X) (11)

If H=X(X- X)’,
then H=3X(X*-2XX + x?%)
H=2X*-2nx’>+nXx’
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H=XX -nx’
H=X X - (EX)’n
H =3 (xcosq + ysing)” — (X(xcos® + ysing))*/n
H = Z(x’cos’@+y’sin’p+2xysingcos@) — (Excosp+Zysing)*/n
or H =X (x’cos’q + y’sin’¢+ 2 xysingcos@) —
[(Zx)*cos’e + (Zy)’sin’p + 2Zx Ty sing cose]/n
H = sin’p(Zy” — (Zy)*/n) + cos’p(Zx” — (£x)*/n) +
2 sinpcos ( Zxy —Zx 2y /n)
Finally:

(12)

As with S, , the standard deviation of Y or Sy can be calculated by the classical

definition:

Sy = w/% (13)
If K=2(Y-7Y),
then K=Y’ - (ZY)’/n

K =X (—xsing + ycosp)” — (X(—xsing + ycos@))*/n
K = Z(x’sin’@+y’cos’p—2xysingcos@) — (—Zxsing+y cos)*/n
or K =X (x°sin’@ + y’cos’p - 2 xysingcos@) —
[(Zx)’sin’p + (Zy)*cos’p — 23x Ty sinpcose]/n
K = sin’p(Zx* — (£x)*/n) + cos’p(Zy” — (Zy)*/n) +
2 sinpcosp( — Xxy + 2x Xy /n )

Note that the formula giving S, equals to that of S, when replacing x = —x, y =y, cos
¢@= sin ¢ and sin ¢ = cos .
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Finally:

S (14)

The covariance of X and Y , Sxy can be calculated as:

TXSY
XY -( )

Sxr = n—]n (15)

The main components in the formula (15) are:
XXY =2X(xcosq + ysing) x (—xsing + ycos)
= 3 (—x"cos@sing + xycos®’ - xysing> + y’sin@coso)
= cos@sing (—Zx>+2y*) + (cosq’ — sin@” )Zxy
XYY = X(xcos@ + ysing) x X(—Xsing + ycosQ)
= (Zxcos@ + Zysing) x (—Xxsing + Xycosp)
= cos@sing (— (Zx)*+(Zy)*) + (cos@’—sing” )ZxZy

Knowing Syx and Sy , the values of Sp and Sg can be calculated from equations (4)
and (5).

3. Confidence Intervals:

The confidence intervals around the y-intercept and the slope can be constructed as A
+ t(1-a/2, n-2) x Sp and B * t(1-0/2, n-2) x Sg. All corresponding values in the old
system can be calculated respectively by analytical geometry or by trigonometric
conversion. For example, y-intercept a and slope b calculated from A and B by (8)
and (9) are identical to:

a = Asin@ x tan(¢ + atanB) + Acos

b = (B + tan@) / (1-B x tang).
The same method is used for calculation of S, , S, as well as for related intervals.
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4. Correlation coefficients:

The correlation coefficients R in the new system can be calculated as:

SXY
R = 5 (16)

They are dependent on new coordinates system or rotation angle ¢ and therefore
becoming variable with regression models. On the contrary, the correlation
coefficients r in the original coordinates system is invariable to any model. An
equivalent formula can be used:

. nxxy - LxXy (17)
VM3 -(5x )] [n2y - (Zy /]

I11. Discussion:

This simple rotation approach provides an unified method to calculating linear
regressions using all established formulae of ordinary least squares method. In that
OLS model, a constant gaussian error of the dependent y variable and an error-free of
the independent x variable are assumed. By analogy or by induction, all derived
equations can be applied for other types of regressions: the Deming model in which
measurement errors are observed for both y and x, and the Orthogonal model where
both y and x are speculated as having the same error. In another word, only the
direction to calculate least squares must be defined to work with the error-in-
variables regression models.

The values calculated by this rotation method are identical to that obtained by
Deming with the ratio of variances A as weight factor. Although there are many
definition/calculation methods related to Orthogonal regressions, the results are
almost the same if the ratio o /o, of standard deviations of x and y equals 1, the
weight factor A=1 or the rotation angle ¢ = 45°.

Useful information could be drawn from the new coordinates system generating new

dtreg2.doc



values for standard errors and correlation coefficients. For example, the correlation
coefficients R in the temporary new system are becoming alterable with types of
regression, while the coefficients r in the old system using same coordinates are
invariable to OLS, Deming and Orthogonal models. It is then possible to look for the
highest correlation by changing the rotation angle ¢, i.e. the direction of least
squares, without any assumption of error inherent to x and y. By induction, this angle
giving the highest correlation reflects the relative precision of the two supposedly
equivalent assay methods giving x and y results.

The ranges constructed around slope and y-intercept with this method, assuming
homoscedasticity, are more conservative than estimates using computer-intensive
methods such as jackknife or maximum likelihood solutions, but deviations are
probably acceptable. However, this estimation method provides consistency of
scientific reasoning about regressions.

All short coding statistical methods for regression are applicable in this approach, and
various programs can be applied. For simplicity, an example of a data set defined by
¥x, X7, 2y, Zy°, IXy, Oy , oy and having 8 paired data points is given. Appendix 1
provides results of all regression models with detail. In addition, the OLS regression
line of x on y as the reverse of y vs. x is equally presented, noting that a, b will be -A,
-B by transformation. Appendix 2 represents a SAS program applicable to all data
sets. It i1s obvious that Deming is the best amongst known linear regression methods
applied to this example. The highest correlation, however, is found at a rotation angle
of 63.43 °, corresponding to a new correlation coefficient R of -0.9643. Appendix 3
presents Excel graphs of all three regressions.

IV. Conclusion:

A unified method to calculate all error-in variables regression models is proposed. It
can make use of all formulae of the classical ordinary least squares method, for linear
regression of dependent variable y vs. independent variable x. The conversion
between systems is based on analytical geometry and/or trigonometry and provides
consistency of scientific reasoning about regressions.
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Appendix 1

Numerical example

Data set ABC
X: y:
100 35
45 29
44 22
35 18
30 14
25 12
20 9
15 8

Data characteristics
Xx= 314
Xy= 147
X’= 17336
Ty’= 3359
XXy= 7423
Sx= 26.7568
Sy= 9.6944
n= 8

OLS
Tan (rotation angle) = 0.0000
Rotation angle (radian) = 0.0000

Normal equations:

A +39.2500 B-18.3750=0
A +55.2102B-23.6401 =0

Results:
n= 8
r= 0.9105
Slope b = 0.3299
Y-inta= 5.4268
b range = 0.1802 to
a range = —-1.540 to
Deming
Tan (rotation angle) = 2.7600
Rotation angle (radian) = 1.2232

Normal equations:

A +30.6464 B +30.6431 =0
A +39.7097 B +41.5086 =0

Standard errors:
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Sy,x = 6.5024

12

0.4795
12.394



Sg = 0.1379

Sa = 4.8121
Confidence ranges:
t= 2.4469
B range = —-1.536 to —0.861
A range = -5.677 to 17.872
Results:
n= 8
r= 0.9105
R= —-0.9625
Slope b = 0.3623
Y-inta= 4.1541
b range = 0.2335 to 0.5622
a range = —3.868 to 12.176
Orthogonal
Tan (rotation angle) = 0.3299
Rotation angle (radian) = 0.3186

Normal equations:
A +43.0307B—- 5.1536=0
A +59.2050 B— 5.2508 =0
Standard errors:

OLS (xvs.y)
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Syx= 4.1077
Sp = 0.0550
Sa = 2.7786
Confidence ranges:
t= 2.4469
B range = -0.129 to 0.1407
A range = -1.904 to 11.694
Results:
n= 8
r= 0.9105
R= 0.0445
Slope b = 0.3366
Y-inta = 5.1647
b range = 0.1930 to 0.4935
a range = —2.009 to 12.338
Tan (rotation angle) = 1.0e+39
Rotation angle (radian) = 1.5708

Normal equations:
A +18.3750 B +39.2500 =0
A +22.8503 B +50.4966 =0
Results:
n= 8

13
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r=
Slope b =
Y-inta=
b range =
a range =

0.9105

2.5130

—6.9267

1.3730 to 3.6531
-30.287 to 16.434

14
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Appendix 2
Statistical Analysis System

1. SAS program

/* DATA INPUT */
DATA REG;

INPUT X Y;

DATALINES;

100 35

45 29

44 22

35 18

30 14

25 12

20 9

15 8

RUN;

PROC PRINT;

TITLE 'DATA SET = ABC';
RUN;

/* DATA SET CHARACTERISTICS */
DATA REG2;

SET REG;

XX = X*X;

YY = Y*Y;

XY = X*Y;

RUN;

PROC MEANS NOPRINT;

VAR X Y XX YY XY;

OUTPUT OUT=REG3

N = N SUM=SUMX SUMY SUMXX SUMYY SUMXY STD = XSD YSD XXSD YYSD XYSD;
RUN;

/* CALCULATION OF SLOPE B AND Y-INTERCEPT A IN THE NEW COORDINATES */
DATA REG4;
SET REG3;
PHI=ATAN (XSD/YSD);
Ll = N;
Ml = COS (PHI) *SUMX + SIN (PHI)*SUMY;
N1l = SIN(PHI) *SUMX - COS (PHI)*SUMY;
L2 = COS (PHI) *SUMX + SIN (PHI) *SUMY;
M2 = COS (PHI) **2*SUMXX + 2*SIN(PHI)*COS (PHI)*SUMXY + SIN(PHI)**2*3SUMYY;
N2 = (SIN(PHI)**2 - COS(PHI)**2)*SUMXY + SIN(PHI)*COS (PHI)* (SUMXX-SUMYY) ;
A = (M1*N2 - M2*N1)/(L1*M2 - L2*Ml);
B = (L1*N2 - L2*N1)/(L2*M1 - L1*M2);
/* CALCULATION OF STANDARD ERRORS IN THE NEW COORDINATES */
G = SIN (PHI) **2* (SUMXX + B*SUMXY) +
COS (PHI) **2* (SUMYY - B*SUMXY) +
SIN (PHI) *COS (PHI) * (B*SUMXX - B*SUMYY - 2*SUMXY) +
SIN (PHI) *A*SUMX - COS (PHI) *A*SUMY;
SEYX = SQRT(G/(N-2));

H = SIN (PHI) **2* (SUMYY (SUMY) **2/N) +

COS (PHI) **2* (SUMXX (SUMX) **2/N) +

2*SIN (PHI) *COS (PHI) * (SUMXY - SUMX*SUMY/N) ;
SEX = SQRT (H/ (N-1));
K = SIN(PHI) **2* (SUMXX - (SUMX)**2/N) +

COS (PHI) **2* (SUMYY (SUMY) **2/N) +

15
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2*SIN(PHI)*COS (PHI) * (-SUMXY + SUMX*SUMY/N) ;

SEY = SOQRT(K/(N-1));

XBAR = (SUMX*COS (PHI)+SUMY*SIN (PHI))/N;

SEA = SEYX*SQRT ( (1/N)+XBAR**2/ ( (N-1)*SEX**2)) ;
SEB = (SEYX/SEX) * (1/SQRT (N-1)) ;

/* CALCULATION OF CONFIDENCE INTERVALS IN THE NEW COORDINATES
T = TINV(0.975, N-2);

HIA = A + TINV(0.975, N-2)*SEA;
LOA = A - TINV(0.975, N-2)*SEA;
HIB = B + TINV(0.975, N-2)*SEB;
LOB = B - TINV(0.975, N-2)*SEB;

/* BACK CONVERSION TO THE ORIGINAL COORDINATES

R = (N*SUMXY-SUMX*SUMY) /SQRT ( (N*SUMXX-SUMX**2) * (N*SUMYY-SUMY**2) ) ;
YINT = A/ (COS(PHI)-B*SIN(PHI));

SLOPE= (B*COS (PHI)+SIN(PHI))/(COS(PHI) - B*SIN(PHI));

HA = HIA/(COS (PHI)-B*SIN(PHI)) ;

LA = LOA/ (COS(PHI)-B*SIN(PHI)) ;

HB = (HIB*COS (PHI)+SIN(PHI))/(COS(PHI) - HIB*SIN(PHI));

LB = (LOB*COS (PHI)+SIN(PHI))/(COS(PHI) - LOB*SIN(PHI));

SA = SEA/ (COS(PHI)-B*SIN(PHI)) ;

SB = ((B+SEB) *COS (PHI)+SIN(PHI))/ (COS(PHI) - (B+SEB)*SIN(PHI))

NSUMXY = COS (PHI)*SIN(PHI)* (-SUMXX+SUMYY) +
(COS (PHI) **2-SIN(PHI) **2) *SUMXY;
SUMXSUMY = COS (PHI) *SIN(PHI) * (-SUMX**2+SUMY**2) +
(COS (PHI) **2-SIN (PHI) **2) *SUMX*SUMY ;

NSXY = (NSUMXY - (SUMXSUMY/N))/(N-1);
RNEW = NSXY/ (SEX*SEY) ;

RUN;

PROC PRINT;

RUN;

/* PRESENTATION OF RESULTS

DATA REG5;

SET REG4 (KEEP = N R RNEW SLOPE LB HB YINT LA HA);
RUN;

PROC TRANSPOSE OUT = REG6;
RUN;

PROC FORMAT;
VALUE $NNAME

'N '="NUMBER OF PAIRED X, Y DETERMINATIONS'
'R '="CORRELATION COEFFICIENT'

'RNEW '="NEW CORRELATION COEFFICIENT'
'SLOPE '='SLOPE OF THE REGRESSION LINE'
'HB '='UPPER BOUND OF THE SLOPE'

'LB '='LOWER BOUND OF THE SLOPE'

'YINT '="Y-INTERCEPT'

'HA '="UPPER BOUND OF THE Y-INTERCEPT'
'LA '='LOWER BOUND OF THE Y-INTERCEPT';
PICTURE UNIFMT 1 = ' 0.0000"'

14-HIGH = '0000";

OPTIONS NODATE NONUMBER;

PROC PRINT NOOBS LABEL DOUBLE;
FORMAT COL1 UNIFMT.;

FORMAT NAME SNNAME.;

LABEL _NAME = ='PARAMETER'
COL1 = '"VALUE';

TITLE1l 'DEMING REGRESSION';
TITLE2 'DATA SET = DATA ABC';
RUN;
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2. SAS output

DEMING REGRESSION
DATA SET = DATA ABC

PARAMETER VALUE
NUMBER OF PAIRED X, Y DETERMINATIONS 8
CORRELATION COEFFICIENT 0.91051
Y-INTERCEPT 4.15409
SLOPE OF THE REGRESSION LINE 0.36232
UPPER BOUND OF THE Y-INTERCEPT 12.1762
LOWER BOUND OF THE Y-INTERCEPT -3.868
UPPER BOUND OF THE SLOPE 0.5622
LOWER BOUND OF THE SLOPE 0.2335
NEW CORRELATION COEFFICIENT -0.9625
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Appendix 3
Excel Graphs
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